Abstract. We present and analyze a new second-order finite difference scheme for the Macromolecular Microsphere Composite hydrogel, Time-Dependent GinzburgLandau (MMC-TDGL) equation, a Cahn-Hilliard equation with Flory-Huggins-deGennes energy potential. This numerical scheme with unconditional energy stability is based on the Backward Differentiation Formula (BDF) method in time derivation combining with Douglas-Dupont regularization term. In addition, we present a point-wise bound of the numerical solution for the proposed scheme in the theoretical level. For the convergent analysis, we treat three nonlinear logarithmic terms as a whole and deal with all logarithmic terms directly by using the property that the nonlinear error inner product is always non-negative. Moreover, we present the detailed convergent analysis in ∞ (0,T;
Introduction
The Time-Dependent Ginzburg-Landau mesoscopic model for the macromolecular microsphere composite(MMC) hydrogel, called MMC-TDGL equation, was recently proposed in [53] as a new approach to simulating a reticular structure and phase transition second order in time and space, and convergent scheme for the MMC-TDGL equation based on the convex-splitting method. The scheme is based on the 2nd BFD temporal approximation and the centered difference method in space for the MMC-TDGL equation. In more details, the derivative function with respect to time is approximated by the BDF 3-point stencil. Based on the idea of convex splitting, we treat the convex part implicitly and the linear part explicitly using the second-order Adams-Bashforth extrapolation formula. By a careful calculation, it is hard to get the energy stability owing to the explicit expression of the linear part. To overcome this difficulty for the original numerical scheme, we adopt the similar technique in [10, 26, 49] , adding a second order DouglasDupont regularization of the form A∆t∆ h (φ n+1 −φ n ). The resulting scheme holds the modified discrete energy non-increasing under a restriction A > χ 2 ρ 2 , which would be accepted as the numerical scheme is a three-level scheme.
In addition, in the continuous case the phase variable remains in the interval of (0, 1 /ρ). In the discrete case, the proposed numerical scheme still keeping this property is highly desired. In the earlier work [13] , the author analyzed a fully discrete finite element scheme based on the backward Euler approximation for the Cahn-Hilliard equation with a logarithmic free energy and obtained some theoretical results about the existence, uniqueness and the positivity property of the numerical solution, but this scheme is not unconditionally energy stable.
In the recent literature [9] , the authors presented a discrete finite difference numerical scheme based on the convex splitting method of the free energy with logarithmic potential, and established a theoretical justification of the positivity property, regardless of time step size. In this paper, we will adopt similar techniques in [9] to estimate the positivity property and the convergence analysis, respectively. For the positivity property, in details, the fully discrete numerical scheme is equivalent to a minimization of a strictly convex discrete energy functional, so we can transform the positivity preserving problem of the numerical solution into the problem that the minimizer of this functional could not occur on the boundary points. Due to the logarithmic terms implicitly, we can make use of the following subtle fact: the singular nature of the logarithmic function guarantees that such a minimizer could not occur on a boundary point at all. Although the extra term A∆t∆ h (φ n+1 −φ n ) is added into the numerical scheme, it does not matter because the logarithmic function changes faster than the linear function as the phase variable approaches the boundary points. It is obvious that if the logarithmic term is explicit, such an estimate could not be derived by this method. Moreover, the term associated with the deGennes coefficient is very challenging. With the help of the following inequality 1 2 κ (φ 1 )(φ 2 −φ 1 ) ≤ κ(φ 2 ),∀φ 1 ,φ 2 ∈ (0,1) about the deGennes coefficient, which plays an essential role in the analysis of the positivity preserving, we can establish the positivity-preserving property. Also see [20, 36] for related discussions.
The key difficulty in the convergence analysis is associated with the logarithmic potential term. In general, when the nonlinear term is a polynomial approximation, the bound estimate of maximum norm of the numerical solution is necessary to justify the convergence analysis [19] , but it is not sufficient to solve the case with the logarithmic po-tential. In this paper, for the error estimate, we take inner product with error at the time step t n+1 . We treat the three nonlinear logarithmic terms as a whole in a rough way and then make full use of the convexity of energy about these nonlinear terms to directly deal with all logarithmic terms, because the convexity of energy indicates the corresponding nonlinear error inner product is always non-negative. Moreover, it is observation that in the chemical potential the surface diffusion term with concentration-dependent deGennes type coefficient can be decomposed into two convex terms: one term depended on its convexity can be analyzed in a manner similar to the logarithmic term, and the other term can be used to control the explicit error estimate associated with the linear expansive term. In order to deal with the temporal derivation approximation term, we also introduce a weighted norm. In turn, the convergence analysis could go through for the proposed scheme.
The rest of the paper is organized as follows. In Section 2, we present the MMC-TDGL equation. In Section 3, we present the 2nd BDF numerical scheme, and the positivitypreserving property of the numerical solution is provided in Section 4. The theoretical analysis of the modified energy stability is estimated in Section 5. The detailed convergence analysis is given by Section 6. Some numerical results are presented in Section 7. Concluding remarks are made in Section 8.
The model equation: MMC-TDGL equation
We consider a bounded domain Ω ⊂ R 2 . For any φ ∈ H 1 (Ω), with a point-wise bound, φ ∈ (0, 1 /ρ) ⊂ (0,1), the energy functional is the form of
where S(φ)+ H(φ) is the reticular free energy density for the MMC hydrogels 2) and κ(φ) is the deGennes coefficient
In this model, we denote by χ the Huggins interaction parameter, by N 1 the degree of polymerization of the polymer chains, and by N 2 , which does not appear explicitly in (2.1), the relative volume of one macromolecular microsphere. The other numbers α,β,τ and ρ depend on N 2 and N 1 , as given by
Note that all these parameters are positive. Besides, ρ is a little greater than one. The modeling detail can be referred to [53] . In turn, the MMC-TDGL equation for the MMC hydrogels becomes the following H −1 gradient flow associated with the given energy functional (2.1):
Here we have discarded the constant terms in the representation for the chemical potential µ, since these terms will not play any role in the H −1 gradient flow.
The numerical scheme
In the spatial discretization, the centeral difference approximation is applied. We recall some basic notations of this methodology.
Discretization of space and a few preliminary estimates
We use the notations and results for some discrete functions and operators from [29, 47, 48] . Let Ω=(0,L x )×(0,L y ), for simplicity, we assume L x = L y =: L>0. Let N ∈N be given, and define the grid spacing h:= L /N. We also assume -but only for simplicity of notation, ultimately -that the mesh spacing in the x and y-directions are the same. The following two uniform, infinite grids with grid spacing h > 0, are introduced
where p i = p(i) := (i− 1 /2)·h. Consider the following 2-D discrete N 2 -periodic function spaces:
Here we are using the identification 
In addition, E per is defined as E per := E x per ×E y per . We now introduce the difference and average operators on the spaces:
and the discrete divergence ∇ h · : E per → C per is defined via
where
More generally, suppose D is a periodic scalar function that is defined at all of the edgecenter points and f ∈ E per , then D f ∈ E per , assuming point-wise multiplication, and we may define
Now we are ready to define the following grid inner products:
In turn, the following norms could be appropriately introduced for cell-centered functions. If ν ∈ C per , then ν 2 2 := ν,ν Ω ; ν p p := |ν| p ,1 Ω , for 1 ≤ p < ∞, and ν ∞ := max 1≤i,j≤N ν i,j . We define norms of the gradient as follows: for ν ∈ C per ,
and, more generally, for 1 ≤ p < ∞,
Higher order norms can be similarly formulated. For example,
Lemma 3.1. For any ψ,ν∈C per and any f ∈ E per , the following summation by parts formulas are valid:
To facilitate the convergence analysis, we need to introduce a discrete analogue of the space H −1 per (Ω), as outlined in [46] . Suppose that D is a positive, periodic scalar function defined at all of edge-center points. For any φ ∈ C per , there exists a unique ψ ∈C per that solves
where φ := |Ω| −1 φ,1 Ω . We equip this space with a bilinear form: for any φ 1 
where ψ i ∈C per is the unique solution to
The following identity [46] is easy to prove via summation-by-parts:
is an inner product onC per [46] . When D ≡ 1, we drop the subscript and write L 1 = L, and in this case we usually write
In the gerneral setting, the norm associated to this inner product
The following preliminary results is associated with the existence of a convex splitting and the error analysis in Section 6. Proof. (1) For S, H,K 2 , differentiating S, H,K 2 twice, we obtain
by some careful calculations, we obtain the Hessian matrix of K:
The first-order principal minors of the matrix ∇ 2 K are
The second-order principal minor is
These principal minors are all non-negative when u ∈ (0, 1 /ρ) and v ∈ R. The Hessian matrix ∇ 2 K is positive semi-definite and thus K is convex in (0, 1 /ρ)×R.
by some careful calculations, we obtain the Hessian matrix of K 1 :
The first-order principal minors of the matrix ∇ 2 K 1 are
These principal minors are all non-negative when u ∈ (0, 1 /ρ) and v ∈ R. The Hessian matrix ∇ 2 K 1 is positive semi-definite and thus K 1 is convex in (0, 1 /ρ)×R.
With the preparation above, we turn to discussing the discrete energy based on a convex splitting.
Define the discrete energy F : C per → R as
S(φ i,j ),
H(φ i,j ),
(Existence of a convex splitting) Assume that φ ∈ C per . We have
and F H (φ) are both convex.
The fully discrete numerical scheme
We follow the idea of the convexity splitting and consider the following semi-implicit, fully discrete scheme: for n ≥ 1, given φ n ,φ n−1 ∈ C per , find φ n+1 , µ n+1 ∈ C per , such that
The initialization step is as follows:
and A is a positive constant independent on the time step ∆t and the spatial mesh step h.
Since µ follows the Laplacian ∆ h , we omit constants in expressions S (φ) and H (φ) above.
Remark 3.1.
Here adding the extra term A∆t∆ h (φ n+1 −φ n ) is to guarantee dissipation of the modified discrete energy corresponding to the continuous case in the theoretical level due to the explicitly concave term. In fact, the original discrete energy is numerically non-increasing with time. In addition, this small term is O(∆t 2 )+O(h 2 ) and there is no adding the extra challenge for the convergent analysis.
If solutions to the scheme (3.3)-(3.5) exist, it is clear that, for any n ∈ N and n ≥ 1,
with 0 < φ mod < 1 /ρ and 0 < φ n < 1 /ρ. Thus we obtain 3φ n+1 −φ n 2 −φ mod ,1
From the scheme (3.5), we have
Combining (3.6) with (3.8), we get the following mass conservation formula
4 Positivity-preserving property
The proof of the following lemma could be found in [9] . 
where C 1 > 0 depends only upon M and Ω. In particular, C 1 is independent of the mesh spacing h.
Concerning the deGennes coefficient, we find the following lemma.
Lemma 4.2.
Assume that φ 1 , φ 2 ∈ (0,1), and κ is defined by (2.3). Then
Proof. The proof will be divided into two cases:
in which the second step is based on the convexity of κ(φ) (in terms of φ), and the last step comes from the fact that κ(φ 1 ) > 0. A combination of these two cases yields the desired result.
The framework of the following positivity-preserving property of the numerical solution is similar to that in [9] . Theorem 4.1. Given φ n ,φ n−1 ∈ C per , with 0 < φ n ,φ n−1 < 1 /ρ, then φ n < 1 /ρ,φ n−1 < 1 /ρ, there exists a unique solution φ n+1 ∈C per to the scheme (3.3)-(3.5), with φ n =φ n+1 and 0< φ n+1 < 1 /ρ.
Proof. First, we define M = 1 3 (φ n +2φ mod ) = φ 0 . The numerical solution of (3.3)-(3.4) is a minimizer of the following discrete energy functional:
over the admissible set
It is easy to observe that J n,n−1 is a strictly convex functional over this domain.
To facilitate the analysis below, we transform the minimization problem into an equivalent one
defined on the setÅ
If ϕ ∈Å h minimizes F n,n−1 , then φ := ϕ+ M ∈ A h minimizes J n,n−1 , and vice versa. Next, we prove that there exists a minimizer of F n,n−1 over the domainÅ h . We consider the following closed domain: for δ ∈ (0, 1 /2),
SinceÅ h,δ is a bounded, compact, and convex set in the subspaceC per , there exists a (not necessarily unique) minimizer of F n,n−1 overÅ h,δ . The key point of the positivity analysis is that such a minimizer could not occur on the boundary ofÅ h,δ , if δ is sufficiently small. To get a contradiction, suppose that the minimizer of F n,n−1 , call it ϕ occurs at a boundary point ofÅ h,δ and there is at least one grid point α 0 =(i 0 , j 0 ) such that ϕ α 0 +M=δ. Then the grid function ϕ has a global minimum at α 0 . Suppose that α 1 = (i 1 , j 1 ) is a grid point at which ϕ achieves its maximum. By the fact that ϕ = 0, we have ϕ α 1 ≥ 0. It is obvious that 1 
Since F n,n−1 is smooth overÅ h,δ , for all ψ ∈C per , the directional derivative is
Using the definition of the difference operators D x , D y and discrete Laplacian operator ∆ h , it is easy to get the following equivalent form
This time, let us pick the direction ψ ∈C per , such that
Then the derivative may be expressed as
For simplicity, now let us write φ := ϕ + M. Since φ α 0 = δ and φ α 1 ≥ M, we have
Since φ takes a minimum at the grid point α 0 , with φ α 0 = δ ≤ φ i,j , for any (i,j), and a maximum at the grid point α 1 , with φ α 1 ≥ φ i,j , for any (i,j),
For the numerical solution φ n at the previous time step, the priori assumption 0<φ n ,φ n−1 < 1 /ρ indicates that
For the seventh term appearing in (4.3), we apply Lemma 4.1 and obtain
For the eighth, tenth and eleventh terms appearing in (4.3) are non-positive. For the ninth and the last two terms appearing in (4.3), we apply Lemma 4.2 and know that they are non-positive together. Consequently, a substitution of (4.4)-(4.9) into (4.3) yields the following bound on the directional derivative:
Note that C 2 is a constant for the fixed ∆t and h, though it becomes singular as ∆t → 0 or h → 0. However, for any fixed ∆t and h, we may choose δ ∈ (0, 1 /2) sufficiently small so that
This in turn shows that, provided δ satisfies (4.10),
As before, this contradicts the assumption that F n,n−1 has a minimum at ϕ , since the directional derivative is negative in a direction pointing into the interior ofÅ h,δ . Using very similar arguments, we can also prove that the global minimum of F n,n−1 overÅ h,δ could not occur at a boundary point ϕ such that ϕ α 0 + M = 1 /ρ−δ, for some α 0 , so that the grid function ϕ has a global maximum at α 0 . The details are left to interested readers.
A combination of these two facts shows that, the global minimum of F n,n−1 overÅ h,δ could only possibly occur at interior point ϕ ∈ (Å h,δ ) o ⊂ (Å h ) o . We conclude that there must be a solution φ = ϕ+ M ∈ A h that minimizes J n,n−1 over A h , which is equivalent to the numerical solution of (3.3)-(3.4). The existence of the numerical solution is established.
In addition, since J n,n−1 is a strictly convex function over A h , the uniqueness analysis for this numerical solution is straightforward. The proof of Theorem 4.1 is complete.
Unconditional energy stability
Theorem 5.1. For n ≥ 1, we define the modified discrete energy as
, and suppose A ≥ χ 2 ρ 2 . Then the numerical scheme (3.3)-(3.4) has the energy-decay property
Proof. Due to the mass conservation, L −1 (φ n+1 −φ n ) is well-defined. Taking a discrete inner product with (3.3) by L −1 (φ n+1 −φ n ) , with (3.4) by φ n+1 −φ n yields
The equivalent form is the following identity
For the first term of the right hand side of (5.2), we have
For the second term of the right hand side of (5.2), we have
For the third term of the right hand side of (5.2), we have
Going back (5.2) and by simple calculation, we arrive at
For the right side of (5.6), we have
At last, we get
6 Optimal rate convergence analysis in
Let Φ be the exact solution for the H −1 flow (2.4). With the initial data with sufficient regularity, we could assume that the exact solution has regularity of class R:
Define Φ N (·,t) := P N Φ(·,t), the (spatial) Fourier projection of the exact solution into B m , the space of trigonometric polynomials of degree to and including K. The following projection approximation is standard:
By Φ m N , Φ m we denote Φ N (·,t m ) and Φ(·,t m ), respectively, with t m =m·∆t. Since Φ N ∈B m , the mass conservative property is available at the discrete level:
On the other hand, the solution of (3.3)-(3.4) is also mass conservative at the discrete level:
As indicated before, we use the mass conservative projection for the initial data:
. The error grid function is defined as
Therefore, it follows thatφ m = 0, for any m ∈ {0,1,2,3,···}, so that the discrete norm · −1,h is well defined for the error grid function. Before proceeding into the convergence analysis, we introduce a new norm. Let Ω be an arbitrary bounded domain and
We define · −1,G to be a weighted inner product
Since G is symmetric positive definite, the norm is well-defined. Moreover,
By the positive semi-definiteness of G 1 , we immediately have
In addition, for any v i ∈ L 2 (Ω),i = 0,1,2, the following equality is valid:
Theorem 6.1. Given initial data Φ(·,t=0)∈C 6 per (Ω), suppose the exact solution for the equation (2.4) is of regularity class R in (6.1). Then, provided that ∆t and h are sufficiently small, for all positive integers n, such that t n = n∆t ≤ T, we have
where C > 0 is independent of n, ∆t, and h.
Proof. A careful consistent analysis indicates the following truncation error estimate:
Observe that in (6.5), and from this point forward, we drop the operator P h , which should appear in front of Φ N , for simplicity.
Subtracting the numerical schemes (3.3)-(3.4) from (6.5) gives
Since the numerical error function has zero-mean, we see that L −1φn is well-defined, for any n ≥ 0. Taking a discrete inner product with (6.6) by L −1φn+1 yields
where p n+1 = (φ n ,φ n+1 ).
The estimate for the term associated with F K 2 is straightforward:
For the F S and F K 1 terms, the fact that F S and F K 1 are both convex yields the following result:
For the artificial term, we have
For the inner product associated with the concave part, the following estimate is derived:
The term associated with the local truncation error can be controlled in a standard way:
Now we observe that p 1 2
−1,h = 0. Summing both sides of (6.14) with respect to n gives
18 , we have
(6.16) By taking ε 2 ∆t <1, we get the following estimate by using the discrete Gronwall inequality
. (6.17) This completes the proof.
Numerical results
In this section, we use the proposed second-order BDF scheme (3.3)-(3.4) to numerically solve the MMC-TDGL model.
Nonlinear multigrid solvers
We use the nonlinear multigrid method for solving the semi-implicit numerical scheme 
Then the above discrete nonlinear system can be written in terms of a nonlinear operator N and the source term S such that
i,j (u) T can be defined as
T is given by
The system (7.1) can be efficiently solved using a nonlinear Full Approximation Scheme (FAS) multigrid method, as reported in earlier works [1, 9, 24, 29, 31, 47] . Here we only provide the details of nonlinear smoothing scheme. For smoothing operator, we use a nonlinear Gauss-Seidel method with Red-Black ordering.
Let k be the smoothing iteration. Then the smoothing scheme is given by: for every (i,j), stepping lexicographically from (1, 1) 
i,j :=S
).
The above linearized system, which comes from a local Newton approximation of the logarithmic term and a local linearization of other nonlinear terms in the Gauss-Seidel scheme, can be solved by the Cramer's Rule.
Numerical experiments
In this part, we perform some numerical simulations for the scheme (3. and this problem is subject to periodic boundary condition. The time step is ∆t=0.001. This example is designed to study the numerical accuracy in time and space. In the left of the Fig 1, it illustrates the energy evolution, which indicates energy decay with time.
We present the evolution of the mass difference of φ computed as φ n −φ 0 , where φ n is defined in (3.7). The rough estimate of the difference of the total mass of φ is presented in the right of the Fig 1, which means that the property stated in (3.9) is verified numerically. In Fig 2, we plot the maximum and minimum values of φ n i,j with time developing. It is observed that the numerical solution well remains in the interval of (0, 1 /ρ).
In order to test the second order convergence, we use a linear refinement path, i.e., ∆t = Ch,C = 0.0002. At the final time T = 0.128, we expect the global error to be O(∆t 2 )+ O(h 2 )=O(h 2 ) under the 2 norm, as h,∆t→0. Since we do not have an exact solution, instead of calculating the error at the final time, we compute the Cauchy difference, which is defined as δ φ := φ h f −I f c (φ h c ), where I f c is a bilinear interpolation operator (We applied Nearest Neighbor Interpolation in Matlab, see [9, 23, 25] ). This requires having a relatively coarse solution, parametrized by h c , and a relatively fine solution, parametrized by h f , where h c = 2h f , at the same final time. The 2 norms of Cauchy difference and the convergence rates can be found in Table 1 . The results confirm our expectation for the convergence order. Fig 3 describes the evolution of φ at some selected time levels with the initial condition (7.2). The numerical results are consistent with the experiments on this topic in [53] . We present the error comparison of four schemes for the MMC-TDGL equation: classical first-order convex splitting scheme(CS1), the scheme (3.3)-(3.5) with A = χ 2 ρ 2 , the scheme (3.3)-(3.5) without regularization term, i.e., A = 0, and the standard BDF2(full implicit) scheme in the tables 2 and 3. The standard BDF2(full implicit) scheme shows excellent accuracy in the finite short time. BDF2 A = 0 scheme has more extra error than the standard BDF2(full implicit) scheme, owing to the explicit expression of the concave term. The scheme (3.3)-(3.5) with A = χ 2 ρ 2 has more extra error than the BDF2 with A =0 due to the existence of the regularization term.The standard BDF2(full implicit) scheme is convergent in the early stage, but it is not convergent in the late stage. Fig 4 shows the energy comparison of three schemes for the MMC-TDGL equation: classical first-order convex splitting scheme(CS1), the scheme (3.3)-(3.5) with A = χ 2 ρ 2 and the scheme (3.3)-(3.5) without regularization term, i.e., A = 0. The three energy plots are all non-increasing with time. The development of energy using the scheme (3.3)-(3.5) with A = χ 2 ρ 2 is almost same to that using the scheme (3.3)-(3.5) without regularization term, i.e., A = 0. There exists an accepted energy error using CS1 scheme. In the left of the Fig 5, we show the energy evolution, which proves the energy decay with time. In the computation, the mass conservation of φ is also numerically observed from the right of the In Fig 6, we present the maximum and minimum value of the numerical solution with time with random initial value. It's seen that the positivity property is examined numerically.
In Fig 7, we present the evolution of φ at different time with the initial data (7.3) . In order to compare with the results obtained by Li in [33] , we choose the same parameters and initial data in the model. The numerical results are similar to the ones shown in [33] . 
Conclusions
Now we have presented a second order BDF scheme based on the convex splitting technique of the given energy functional for the MMC-TDGL equation, with a centered finite difference in space. A unique solvability and unconditional energy stability turn to be available. Moreover, the positivity-preserving property and the second order convergence analysis are available in the theoretical level. In addition, mass conservation, energy stability, bound of the numerical solution and the second order accurate are demonstrated in the numerical experiments. At last, we can see the details of the phase transition of the Macromolecular Microsphere Composite hydrogel. 
